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(N . 

O ' 51. Preliminaries 

(D ! 

Q . The superconformal algebras were constructed by Kac (see [8]) and by AdemoUo et al. 
Q [10] originally but independently, which are closely related the conformal field theory and 
the string theory, and act important roles in both mathematics and physics supplying the 
underlying symmetries of string theory. It is well-known that the N = 2 superconformal 
p/] ! algebras fall into four sectors: the Neveu-Schwarz sector, the Ramond sector, the topological 
^ ' sector and the twisted sector. A series of good results have been obtained on these algebras 
see [1, 4, 5, 9, 15, 19] and the reference cited therein). All sectors are closely related to the 

1 Virasoro algebra and the super- Virasoro algebra which play great roles in the two-dimensional 
^ ! conformal filed. 

^ . The notion of Lie bialgebras was introduced in 1983 by Drinfeld (see [2, 3]) during the pro- 
O . cess of investigating quantum groups. Then there appeared several papers on Lie bialgebras 
' and Lie superbialgebras (e.g., [10, 11, 13, 18, 19]). In [10]-[13], the Lie bialgebra structures on 
^ Witt and Virasoro algebras were investigated, which are shown to be triangular coboundary. 
^ . Moreover, the Lie bialgebra structures on the one-sided Witt algebra were completely classi- 
fied. In [18, 19], the Lie superbialgebra structures on the generalized super- Virasoro algebra 



< 



and Ramond N = 2 superconformal algebra were investigated. In this paper, we shall study 
the Lie super-bialgebra structures on the centerless twisted N = 2 superconformal algebra, 
which is proved to be coboundary triangular. 

Firstly, let us recall some related definitions. Let C = Cq Q) Ci he a. vector space over the 
complex number field C. U x ^ C[x], then we say that x is homogeneous of degree [x] and we 
write degx = [x]. Denote by r the super-twist map of £ ® £, i.e., 

r(x®i/) = (-l)[^l[^]y®x, \/x,yeC. 

For any n G N, denote by the tensor product of n copies of C and C, the super-cyclic map 
cyclically permuting the coordinates of i.e., 

^ = (1 ® r) ■ (r ® 1) : Xi ^ X2 ^ X3 ^ ^_i-^[^i]{[^2]+[x3]) ® X3 ® a;i, V a;^ G £, z = 1, 2, 3, 



Supported by NSF grants 10671027, 10825101 of China 
^Corresponding E-mail: sd_junbo@163.com 



1 



where 1 is the identity map of £. Then the definition of a Lie superalgebra can be described in 
the following way: A Lie superalgebra is a pair {C, (p) consisting of a vector space C — Cq^jCi 
and a bilinear map (f : JC <S> jO. ^ C satisfying: 

Ker(l ® 1 - t) C Ker If, (1.1) 

^■(i®^)-(i®i®i + e + e') = 0. 

Meanwhile, the definition of a Lie super-coalgebra can be described in the foUowing way: A 
Lie super-coalgebra is a pair {C, A) consisting of a vector space C = Co(BCi and a linear map 
A : C ^ C satisfying: 

1mA C lm(l ® 1 -r), (^-2) 
{1®!®! + ^ + ^'^) ■ {1® A) ■ A = Q. 

Now one can give the definition of a Lie super-bialgebra, which is a triple (£, (p, A) satisfying: 

(i) (£, (fi) is a Lie superalgebra, 

(n) (£, A) is a Lie super-coalgebra, 

(iii) A(p{x ®y)^x* Ay - (-l)!""]!^!?/ * Ax y x,y e JC, 

where the symbol "*" means the adjoint diagonal action 

x*{^ai®bi) = ^{[x,ai](^bi + {-iy''^^''^^ai(g)[x,bi]), yx,ai,bieC, (1.3) 

i i 

and in general [x, y] = (p{x ® y) for x,y & C 

Denote by U{C) the universal enveloping algebra of C and A\B — {x\x e A,x ^ B} 
for any two sets A and S. li r — J^'^i ^ ^ ® then the following elements are in 

U{C) ®U{£.) ®U{C) 

i i 

r^^ = (g) 1 (g) 6i = (1 ® r)(r ® 1) = (r ® 1)(1 ® r), 

i 

while the following elements are in C<S) C <S) JC 

[r'',r'']=Y{-lp^^'^^[ai,aj]®b,®bj, 
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Definition 1.1. (i) A coboundary super-bialgebra is a quadruple {C, (p, A, r), where {C, (p, A) 
is a Lie super-bialgebra and r e Im(l (8)1 — r) <Z C such that A = A,, is a coboundary of 



A^(a;) = (-l)M[^la;*r, V a; G (1.4) 

(a) A coboundary Lie super-bialgebra (£, (/?, A, r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation 

c(r) [r^\ r^^] + [r^\ r^^] + [r^\ r^^] = 0. (CYBE) (1.5) 

Let V = Vq ®Vi he an £-module where C = ® Ci. A Z2-homogenous linear map 
d : C is called a homogenous derivation of degree [d] e Z2, if d{Ci) C V^+jdj (V i G Z2), 

d([x,y]) = (-l)['^Wx*%) - (-1)[^1(['^+MV*(^(^), yx,yeC. (1.6) 

Denote by Der^(£, y) {i = 0,1) the set of all homogenous derivations of degree i. Then 
the set of all derivations from £ to Der(>C, V^) = Dero(£, V^) © DeTi{C,V). Denote by 
Inn-(£, V) {i = 0,1) the set of homogenous inner derivations of degree i, consisting of Oinn, 
a & Vj, defined by 

Oinn : (-l)^"^'''^x*a, Vxe£. (1.7) 

Then the set of inner derivations Inn(>C, V) — Inno(>C, V) ® Inni(>C, V). 

Denote by H^{jO,, V) the first cohomology group of C with coefficients in V. Then 

H^C, V) ^ Der(£, V^)/Inn(£, V). 

An element r in a superalgebra £ is said to satisfy the modified Yang-Baxter equation if 

x*c(r) = 0, yxeC. (MYBE) (1.8) 

The centerless twisted N — 2 superconformal algebra C consists of the Virasoro algebra 
generators Lmi m E Z, corresponding to the stress-energy tensor, a Heisenberg algebra T^, 
with half-integral r G | -|- Z, corresponding to the U{1) current, and the fermionic genera- 
tors Gp, p e |Z, which are the modes of the two spin-| fermionic fields with the following 
commutation relations (see, e.g., [4]), 

[Lrm Ln] — (m — n)Ln+rm 

[LmiGj\ = (y — p)Gp+m, [Tr,Gp] = Gp^r, (1-9) 

' 1 {-ir^\p-q)Tp^, a p + qe'^ + Z, 
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for m, n e Z, r, s e I + Z, p, g e |Z. Obviously, L is Z2-graded: L — L^® Cj, with 

1 1 
£0 = spanc{-L„, Tr|m, r e - + Z}, >Cx = spanc{Gp | p G -Z}. (1.10) 

The Cartan subalgebra of £ is 7i = CLq and W = spanc{-Lm | m e Z} is the well-known 
centerless Virasoro algebra. 

The main result of this paper can be formulated as follows. 

Theorem 1.2. Every Lie super-bialgebra structure on the centerless twisted N — 2 super- 
conformal algebra C defined in (1.9) is triangular coboundary. 



§2. Proof of the main result 

The following result for the non-super case can be found in [13] while its super case can 
be found in [19]. 

Lemma 2.1. Let C be a Lie superalgebra, r e Im(l (g)l — r) (Z jC<S> C with [r] — 0. Then 

(1 + e + e^) • (1®A^) ■A,(a;) = a; *c(r), V a; G £. (2.1) 

Thus {jC, [■, •], Ar) is a Lie super-bialgebra if and only if r satisfies {MY BE) (see(1.8)). 

The following lemma can be obtained by using the similar techniques of [16, Lemma 2.2]. 

Lemma 2.2. Regarding as an C-module under the adjoint diagonal action of C, if 
r e vC®" such that x *r — 0, \/ x & C, then one has r — 0. 

As a conclusion of Lemma 2.2, one immediately obtains 

Corollary 2.3. An element r e Im(l (8)1 — r) <Z C® C satisfies CYBE in (1.5) if and only 
if it satisfies MYBE in (1.8). 

Proposition 2.4. Der(£, V) = Inn(>C, V), where V = C® C, equivalently, H^{C, V) = 0. 

Proof. Note that V = ®ie is also |Z-graded with Vi — Ylij+k=i ^j^^k: where i, j. A; e |Z . 
We say a derivation d e Der(>C, V) is homogeneous of degree i e |Z if d{Vj) C Vj+j for all 
j e |Z. Set Der(£, V)^ ^ {d e Der(>C, V) | degd = for i e |Z. 

For any d e Der(£, V), i E ^1^, u E Cj with j e |Z, we can write d{u) — J^^ez '"fe £ V 
with Vk & Vk, then we set di{u) — Vi^j. Then di e Der(>C, V)i and 

d^ di where di e Der(>C, V)^, (2.2) 

which holds in the sense that for every u E C only finitely many di{u) 7^ 0, and d{u) = 
X^iez d'ii''^) ('^6 call such a sum in (2.2) summable). 
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Claim 1. If i e |Z\{0}, then di e Inn(£,V). 

Denote u — — |(ii(Lo) G Vj. For any xj G Cj,j G applying to [I^o^^j] = —jxj, using 
di{xj) G Vj+j and the action of Lq on Vj+j is the scalar I/o|vi+j = + j); o^i^ has 

-{i + j)d,{xj) - {-Ip^^^^^xj ■ di{Lo) = -jdiixj), (2.3) 

i.e., di{xj) — Uinnixj), which implies di is inner. 

Claim 2. do{Lo) = 0. 

Using (2.3) with i = 0, we obtain x * do{Lo) — 0, V x G £j, j G |Z, which together with 
Lemma 2.2 gives do{Lo) — 0. 

Claim 3. For any do G Dcto{C, V), replacing do by do — '"mn for some u G Vo, one can suppose 
do{C) = 0. 

For any n G Z*, one can write do{Ln) as 

for some a„ j, 6„ p, Cn.r, dn,j, ^n,j, fn,r, gn,r G C, whcrc the sums are all finite. Noticing that for 
any i,j & Z, r & | + Z,pG one has 

Li * {Tr (g) T^r) = rTr ® Ti_r - rTi+r «) T'-r, 

Li * (T^ (g) G-r) = (0.5 + r)Tr O Gi-r - rTi+r ® G-r, 
Li * {Gr ® T_r) = rGr ® Ti.r - (r - 0.5)^1+,. ® T_^, 
Li * {Li (g) L_j) = (i + l)Lj (g) Li_j - (i - 1)^1+^ (g) L_j, 

and 

Li * (Lj- G_j) = {j + 0.5)Lj ® Gi.j - {j - l)Li+j ® 

Li * {Gj ® L_j) = [j + l)^^ ® Li_j - (j - 0.5)G'i+j L_j, 

Li * (Gp (g) G_p) = (p + 0.5)6"^ (g) Gi-p - (p - 0.5)^1+^ (g) G-p . 

Denote 

Mi_i = max{|i| | ai,j • 61,^ • cii,j • ei,j 7^ 0}, Mi,2 = max{|r| | bi^r ■ Ci,r • fi,r ■ gi,r 7^ 0}. 

Using the induction on Mi^i + Mi^2, and replacing do by do — i^inn, where u is a combination 
of some Li (g) L_j, Gp (g) G_p, <8 ^Lr, Gr <g) TL,., ® C-r, -^j ® and Gj (g) L_j, one can 
suppose 
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for any i e Z\{-2, 1}, j e Z\{1}, k e Z\{-2}, p e 1}, r e | + Z, n e | + Z\{|}, 

r2 e I + Z\{ — |}, using which one can rewrite do{Li) as 

do(Li) = ai -2L-1 ® L2 + ai 1L2 ® L_i + 6, _3G_i ® G-s +b-, iGa G_i 

^ ' ' ' 2 2 2 -^'2 2 2 

+di 1L2 ® G_i + ei _2G-i ® L2 + /i iGs ® T_i + g. _sT_i O Gs. (2.5) 

' ' '22 2 ' 22 2 

Then one can see that 2L_i * (io(-f'i) is equal to 

— 6ai^_2l>-i ® Li — 6ai^iLi L_i — 6di^iLi G_i — 6ei^_2G'-i I^i 
+0?! 1L2 <8) G-2 + ei -2G_2 (8) 1/2 - 46i _3G_i (g) Gi - iGi (g) G_i 

' ' '222 '2 2 2 

-4/i iGi r_i + /i iGs r_3 + oi _3r_3 ® Gs - 4ai _3r_i Ci, 

'-'2 2 2 ^'2 2 2 2 2 2 -^'2 2 2 

while Li * do(^-i) - E ((§ - p)^-i,p + (f + p)^-i,p+i)<^p ® <^-p is equal to 

_ 1 ™ 



XI ((2 - i)a_i,i + (2 + i)a_i,j+i)Lj (g) L_j + ^ ((1 - r)c_i,r + (1 + ?^)c-i,r+i)rr 

»GZ r&^+Z 

+ E (((2 - + + j)d.,j+i)Lj ® G_,- + ((^ - j>_i,,- + (2 + j>_i,,+i)G,- ® L_,) 

E (((^ - r)/_i,, + (r + ® T_, + ((1 - r)^_i,, + + r)<7-i,.+i)T, g) G_,) . 



Applying do to [Li, L_i] = 2Lo and using Claim 2, we obtain 

L^i * do{Li) — Li * do{L^i). (2.6) 
Comparing the coefficients of Tr (g) T_r, I/j (g) L_i and Gp (g) G_p in (2.6), one has 
(r - l)c_i,r = (r + l)c_i,r+i, 

3a_i _i + a_i,o + 3ai _2 = a_i,i + 3a_i,2 + 3ai,i = (i - 2)a_i,, - {i + = 0, 

26_i,_i + + 26i,_3 = 6_i_i + 26_i,3 + 26i,i = (p - ^)6_i,p - (p + ^)6-i,p+i = 0, 

for any i e Z\{±1}, r e | + Z and p e |Z\{±|}, which together with our suppose that all 
the sets {a-i,i | i G Z}, |p £ |^}) {c-i,r I ^ | + ^} ^^e of finite rank, imply 

c_i r = 6_i „ = 26_i _i + 6_i 1 + 26, _3 = 6_i 1 + 2b , s + 26, i = 0, 

' '2 '2 '2 '2 '2 '2 

a_i,j = 3a_i _i + a_i,o + 3ai _2 = a_i,i + 3a_i,2 + 3ai,i = a_i,o + a-i,i = 0, 

for any i e Z\{ihl,0,2}, r G | + Z, and p E |Z\{±|, |}. Comparing the coefficients of 
Lj (g G^j and (g) L_fc in (2.6), one has 

3 5 7 1 

(i - 2)rf_ij = (j + -)d_ij+i, + -d_i,2 + 3di,i = -d_i,3 - = 0, 

3 5 7 1 

- 2)^-1.'^ = (A: + 2)e_i,fc+i, 2^-1-1 + ^-I'O + 2^1-2 = 2^-^-^ ~ 2^^-^ = ^' 



for any j e Z\{1,2} and k e Z\{— 1,— 2}, which together with our suppose that all the sets 
I J e Z} and {e_i,jk | /c e Z} are of finite rank, imply 

di,i = ei _2 = d_ij = e_ij = 0, V j G Z. 
Comparing the coefficients of Gr <8) TL^ and (g) G_r in (2-6), one has 

(r - l)f-i,r = (1 + r)/-i,.+i, 1 + ^/_i,3 + 2/^ = ^/_,,5 - 1 = 0, 

(S - = + + 5-1,1 + 25l,-3 = ^5-1,-3 - ^^1,_3 = 0, 

for any r e | + Z\{|, |} and s e | + Z\{ — |, — §}, which together with our suppose that all 
the sets {/-i,r | r G | + Z} and {g-i,r | r G | + Z} are of finite rank, give 

= ^1 _3 = = = g^i^r, V r G ^ + Z. 
Then one can rewrite cio(-^-i) (see(2.4)) as 

do{L_i) = 3(a_i,2 + a.i,i)(-^-i® Lq-Lo® L_i) + a_i^2-^i<8 -^-2- (0.-1,2 + 0-1,1 + Oi _2)-^-2® -^1 
3 + 6, 1 - 6i _3)G_3(8) Gi - 2(6_i 3+6, i)^.! G_i + 3G1 G.s. 

^ -^'2 '2 '2 2 2 '2 ^'2 2 2 '2 2 2 

Applying rfg to [-^2, -^-1] = 3I/i, we obtain 

L2 * do(L-i) - L-i * ^0(^2) = 3do(i^i), (2.7) 

where 

L2 * doiL_i) = -4(a_i,2 + ai,i + oi _2)I/o <8) -^1 - (a_i,2 + ai,i + oi _2)I/_2 (8) I/3 

+3(a-i,2 + oi,i)(3Li ® Lo - 2L2 ® + 3(a_i,2 + ai,i)(2L_i ® L2 - 3Lo ® Li) 

5 1 

+a_i 9L3 ® L_2 + 4a_i 2^1 ® Lq + (6_i 3 + 6^ 1 - 6^ _3)(-G'i 0^1 + -G_3 Gs) 

1 5 

-3(6_i 3+61 i)(G3 (g) G_i + G_i (8) Gs) + -b, sGs G_3 + -b, 3G1 (g) Gi, 

^ ^'2 ^'2 2 2 2 2 2 2 2 ^ 2 2 2 2 

and L_i * do(-^2) can be rewritten as 

E((J - hd2,j-i - {j + ^)d2j)L,+i G_j + ^{{k - 2)e2,k-i - {k + he2,k)Gk+i ® L_k 
j ^ k ^ 

+J2{ir - l)92,r-i - (r + 2)^2,r)T,+i ® G_r + Eiir - l)/2,r-i-(r + ^)/2,r-)a+i ® 

3 5 

+E((^ - 2)a2,i-i - (« + 3)a2,i)Li+i O L_j + ^((P " 9)^2,^-1 - (p + -)&2,p)G'p+i (g) G_p 

+ E((^ - l)c2,r-l - (r + 2)c2,r)71-+l <S) T^r- 
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Comparing the coefficients of Gp+i G-p and T^+i T^r in (2.7) witli peZ,re| + Z,we 
obtain 

3 5 
(P - 2)^2,^-1 = {p + -)b2,p: (r - l)c2,,_i = (r + 2)c2,„ 

wfiicli togetlier witfi our suppose tfiat all the sets {62,p |p G Z} and {c2,r | G | + Z} are of 
finite rank, give 

&2,p = C2,r = 0, VpeZ,re^+Z. 
Comparing the coefficients of Lj+i (g) L_j in (2.7) with i e Z, one has 

^ ((i - 2)a2,i-i - (i + 3)a2,i)Li+i (g) L_i + 3(2a_i,2 + 3ai,i)L2 ® L_i 

= -(a_i,2 + ai,i + oi _2)-f'-2 1/3 + 3(2a_i,2 + 2ai,i - oi _2)-f'-i <8) ^^2 
-(13a_i,2 + 13ai,i + 4ai _2)-^o ® -^1 + (13a_i,2 + 9ai,i)Li (8) Lq + a_i,2iv3 (8) -L_2, 

which together with our suppose that the set {a2,i | i G Z} is of finite rank, give 

01 - 2 + = a_i,2 = a2,i = 0, 4a2 -3 = -15ai,i - 02,0, 

02- 2 = 6ai,i + 02,0, 2a2 -1 = -9ai,i - 3a2,o, 4a2,i = 9ai,i - 02,0, 

for any i e Z\{— 3, • • • ,1}. Comparing the coefficients of Gp+i (8)G_p in (2.7) with p e | + Z, 
one has 

3 5 1 

E((P - 2)^2,^-1 - (p + -)b2,p)Gp+i G_p - 2^-i,|<^| ® 

= -{b. 3 + 61 1 - 61 _3)G_3 (g) Gs - 3(6_i 3 + 6, 1 + 61 _3)G_i (g) Gs 

2 '2 '2 '2 2 2 '2 '2 '22 2 

5 

+-(26_i 3 + 6, 1 - 6, _3)Gi (g) Gi - 3(6_i 3 + 2b. i)G3 (g) G_i, 

2 '2 '2 '2 2 2 '2 '2 2 2 

which together with our suppose that the set {b2,p | p G | + ^} is of finite rank, give 

69 3 = —661 1 + 369 1 = —69 1 , 61 3 = 6, 1 , 69 5 = 46, 1 — 69 1 , 6 1 3 = 62 D = 0, 

2,-2 1,2 2,2 2,-2' 1,-2 1,2' 2,-2 1,2 ^,2' -1'2 ' 

for any p e | +Z\{— |, • • • , |}. Comparing the coefficients of Lj+i<SiG-j in (2.7) with j G Z, 
one has 

E ((j - |)c?2j-i - (j + 3)ci2,,)L,+i G_, = 0, 

which together with our suppose that the set {d2j | j G Z } is of finite rank, give 

d2j = 0, Vj e Z. 
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Comparing the coefficients of Gk+i <8) L^k in (2.7) witfi A; e Z, one lias 

5 

E {{k - 2)e2,fc-i -{k + -)e2,k)Gk+i ® L_k = 0, 



wfiicfi togetfier witfi our suppose tfiat tfie set {e2,k | A; G Z} is of finite rank, give 

e2,fe = 0, ykez. 

Comparing tlie coefficients of G^+i ^ T_r in (2.7) witli r e | + Z, one lias 

E ((r - l)/v-i- (r + hf2,r)Gr+i T_, = 0, 

wfiicfi togetfier witli our suppose tliat tlie set {f2,r \ r E | + Z} is of finite rank, give 

f2,r = 0, Vre^ + Z. 
Comparing tfie coefficients of T^+i (8) G-r in (2.7) witli re | + Z, one has 

E {{r - h92,r-i - (r + 2)^2,.)^r+i ® = 0, 

which together with our suppose that the set {/2,r | r G | + Z} is of finite rank, give 

92,r^0, Vre^ + Z. 
Then one can rewrite dQ{Li), do{L^i) and (io(-^2) as 

do{Li) = ai,i(L2 (g) L_i - L_i (g) L2) + 61^1 {G_i ^Gs+Gsi^ ^-|)' 
do(-^-i) = 3ai,i(L_i (8) Lo - Lo (g) L_i) - 2b^ iG_i ® 

1 3 
do{L2) = --(15ai,i + 02,0)1^-1 (8) + (6ai,i + a2,o)-^o (8) -^2 - 2(^01,1 + a2,o)Li (8) -Li 

+02,0-^2 ^ Lo + ^(9ai,i - a2,o)-^3 ® -^-1 + (4&i,i - &2,i)G'-i ® ^^f 
+62iG'5 (^G'_i +3(26, 1 -boi)(G3 Gi -Gi oGa). 

■^'22 2 ^-^'2 -^'2 2 2 2 2 

Applying do to [Li, L_2] = 3L_i, one has 

Li * 4(^-2) - L_2 * do{Li) = 3do{L_,), (2.8) 
while Li * do{L_2) can be written as 

E((3 - j)c^-2,, + (j + ^)rf-2,,+i)^,-i ® G_, + E((^ - k)e_2,k + {k + 2)e_2,k+i)Gk-i L_k 

+E((^ - r)f-2,r + (r + l)/_2,r+i)G,_i ® T_,+E((2 - r)^_2,. + (r + ^)^_2,r+i)7;_i (8 G_„ 

+E((3 - i)a_2,i + (i + 2)a_2,i+i)Li_i ® L_i + E((| - p)h-2,p + (p + |)6-2,p+i)Gp_i (8) G_p 
+E((2 - r)c_2,. + (r + l)c_2,.+i)T,_i ® T_„ 

r 
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and 

L_2 * do{Li) = ai,i(L_3 ® L2- L2® L^s) + 4ai,i(L_i (g) Lq - ® L^i) 
~ib, iG_s, ^Ga+L 1G3 (g) G_s) - 5L iG_i ® G_i. 

'2 2 2 '2 2 2 '2 2 2 

Comparing the coefficients of Lj_i ® L_j in (2.8), one has 
Y, ((3 - i)a_2,i + (i + 2)a_2,i+i)-Li_i L_j 

= ai,iL_3 (8) L2 + 13ai,iL_i (8) Lq - 13ai,iLo <8) - ai,iL2 <8) I/-3, 

which forces 

= a-2,i = 0, VieZ. 
Comparing the coefficients of Gp-i (8) G_p in (2.8), one has 

E((^ - P)&-2,p + (P + ^)6-2,p+l)G'p_i ® 

= --61 iG.s (g) Gs - iG_i (g) G_i - -6i 1G3 (g G.s, 

2 '2 2 2 '2 2 2 2 2 2 2 



which forces 



Wi = b-2,p = 0, Vp e iz. 



2 

Comparing the coefficients of T^-i (g) T_r, Lj^i (g Gfe-i (g L_fc, G^-i <8) TL^ and T^-i ® G-r 
in (2.8), one has 

3 5 

(r - 2)c_2,r = (r + l)c_2,r-+i, (j - ^)d-2,j = (j + -)ci-2j+i, (A; - 2)^-2,^ = (^ + 2)e_2,jfc+i, 
5 3 

- 2)-/'-2>^ = (r + l)/-2,r+l, (r - 2)g_2,r = (r + -)£f_2,r+l, 

which force 

C-2,r = d-2,j = e-2,k = f-2,r = 5'-2,r = 0, W j, k E Z , V e ^ + Z . 

Then one can rewrite do{L±i) and do(-^±2) as 

o?o(Li) = do(L_i) = (io(L_2) = 0, 

1 3 

do(-^2) = ^(-O'2,0-^-l ® -^3 + 02,0-^3 ® -^-l) + a2,o(-^0 (g -^2 + iv2 <g -^o) " 2^2,0-^1 <^ -^1 

+60 i(G5 g) G_i - G_i g) Gs) - 360 1 (G3 g) Gi - Gi g) Gs). 

■^'2 2 2 2 2 '2 2 2 2 2 

Applying do to [L2, L_2\ — 4ivo, one has L_2 * c?o(-^2) = 0, which imphes 

02,0 = &2,i = 0. 
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Then one can claim do (-^2) is equal to zero. Hence do(-^«) = 0, V i e Z. 
One can write 

^^0(^1 ) = {ciiLi ® Ti_,^ + 6,Ti_, ®Li + dU ® Gi_i + diGi_i ® 
^ iez ^ ^ 22 

e^Ci (8) ri_. + fiTi_. ®Gi + QiGi (g) Gi.^ + /i^Gi,^ G^), 

where the sums are all finite. Applying do to [Li, Gi] = and comparing the coefficients, one 
can deduce do{Gi) must be zero, which together with [L^,Gi] = (V m G Z) and 

[L_i,G5l ~ —SGa forces 

"■ 2-' 2 

do(G,) = 0, Vre^ + Z. (2.9) 

Write (io(Go) as 

X] Oi^i ®L_i+ E ^pG"? G_p + E CrTr ®T_r+Yl djLj ® G_j 

i& pall r<=l+z iez 

+ E efcGfc (8) L_jfc + J2 frGr <®T^r+ J2 9rTr ® G^r, 

where the sums are all finite. Applying do to [Gq, Gq] = 2Lo and comparing the coefficients, 
one can deduce (V r e | + Z, i e Z) 

Then o?o(Go) c^ii be rewritten as 

+ E i^rGr G^r + T^T^ ® + frGr T_r + frTr G^r) ■ 

rgl/2+Z 

Applying do to [L_i, [Li, Go]] = -f Go, we obtain 

L_i*Li*do(Go) = -^do(Go). (2.10) 
Comparing the coefficients of Lj ® L_j, Lj ® G_j, G^ (8) G_r, G^ (8) TL^ and T,. ® T_r, one has 

(8i^ - 13)ai = 4(i - 2fai_i + 4(i + 2)^0^+1, 

{Ae - A)di = (i - 2)(2i - 3)cii_i + (i + 2)(2i + 3)cii+i, 

2rV. + (r - l)/.-i(^ - r) + (r + l)(-r - ^)/,+i = 0, 

{r - \)hr + {\-r){r- ^)6,_i + (^ + r)(-r - ^)6,+i = 0, 

which together with our suppose the set {i | i e Z, Oj • • 7^ 0} is of finite rank, imply 

Oj = 0, br = fr = 0, dj = 0, d-i = —di, 
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for any ieZ,re| + Z and j e Z\{±1}. Then do{Go) can be rewritten as 

do{Go) = -diL_i ® Gi + diLi O G_i + diG-i ®Li- did ® (2.11) 
One can write do(Ti) as 

2 

^ iez ^ iez ^ iez ^ iez ^ 

iez ^ iez ^ iez ^ iez ^ 

where the sums are all finite. Applying do to [L_i, [Li,ri]] = fTi, we obtain 

L_i * Li * do(ri) = \dQ{T^). (2.12) 
Comparing the coefficients of Lj ® Ti_^ and Ti_^ ® Lj in the both sides of (2.12), we obtain 

3 1 

{2i^ — i — 2)xi + {2 — — -)xi_i — (i + + 2)a;j+i = for a; = a or 6, 
which imply 

Xi = 0, Vie Z\{0, ±1} while xo = —2xi = —2x-i for x = a or b. 
Comparing the coefficients of Lj Gi_j and Gi_j (8) -C^i in the both sides of (2.12), we obtain 

{2f - i - ^)yi -{i- 2fyi^i - (i + l)(i + 2)yj+i = for y = c or d, 

which imply 

Ui — for ?/ = c or d, V i e Z . 

Comparing the coefficients of Gi T'i_^ and Ti_- (8) G^ in the both sides of (2.12), we obtain 

3 3 13 

(2i^ - i - -)zi - (2 - ^T^i-i 2^^^+! ^ ^ z^eor f, 

which imply 

Zi — for 2; = e or /, V i e Z. 

Comparing the coefficients of Gj ® Gi_j and Gi_j ® G^ in the both sides of (2.12), we obtain 

3 3 3 

(2i^ - i - -)wi + 2)wi-i - + + -)wi+i = for w = g ox h, 

which imply 

= 0, Vie Z\{0, 1} while wq = —wi for w = g or h. 
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Then do(Ti) can be rewritten as 

2 

do(Ti) = ai(L_i®T3 - 2Lo ® Ti + T_i) + g^id G_i -Go®Gi) + 

^ 2 2 2 2 2 2 

6i(T3 (g) L_i - 2ri ® Lo + T_i (g) Li) + /ii(G'_i ® Gi - Gi (g) Go). (2.13) 

Applying do to [Gq, Gi] = |Ti , one has 

2Go • do(Gi) + 2Gi • 4(Go) = cio(Ti). 

Using (2.9), (2.11) and (2.13) and comparing the coefficients of all the products in the above 
identity, we obtain 

di = ai = gi = bi = hi = 0, 

which implies 

c?o(Go) = do{Ti) = 0. 

By now, we have proved 

do{Li) = do{Gr) = do{Go) = do{Ti) = 0, VieZ,re^ + Z, 

which together with (1.9), imphes do{C) — for the case do e Dero(>C, V). Thus the claim 
follows. 

Claim 4. Suppose do G Deri(>C, V) is odd. By replacing do by do — Minn for some u e Vo; we 
can suppose do{C) = 0. 

Employing the similar techniques used in Claim 3, one can see the claim holds. 
Claim 5. The sum in (2.2) is finite. 

For any i e Z, suppose d^ — (i'i)inn for some Vi e V,. If 7^ 0}| is infinite, then 

d{Lo) — X^jgz Lo*Vi — — Ylfiez infinite sum, which contradicts d e Der(>C, V). Thus 

the claim and proposition follow. □ 

Lemma 2.5. If r eV satisfies x * r E Im(l g) 1 — r) ( V a; e C), then r e Im(l g) 1 — r). 

Proof. Note C * Im(l (g) 1 — r) C Im(l (g) 1 — r). Write r = J2ie^z '^^^^ rj e Vj. Obviously, 
r e Im(l (g 1 — r) if and only if rj e Im(l (g 1 — r) for all i e |Z. Thus without loss of 
generality, one can suppose r = is homogeneous. 

If i e |Z*, then Tj = —7-^0 * n £ Im(l (g 1 — r). For the case i — 0, one can write 

^0 = '^o-iLi g) L_i + ^ 6pGp g) G_p + ^ c^Tr g) T_r + ^ cijLj g) G_j 

+ EefcGjfc®L_fc+ frGr0T_r+ E QrTr^G^r, 
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where the sum are all finite. Since the elements of the form ui^i :— Lj L-i — L^i Li, 
U2,p '■— Gp (8) G-p — G-p ® Gp, U3^r '■— Tr (8) T^r — T^r ® Tr, Vi :— Li (8) G-i — G-i (8) Li and 
Wr '■— Gr <S> T-r — T^r 'S> Gr BXB all in Im(l (8 1 — r), replacing v by v — u, where u is a 
combination of some Ui^i, U2,p, tis,^, Vi and Wr, one can suppose 

^ =^ i e Z + , (2.14) 

bp^O ^ pelz + , (2.15) 

=^ re^ + Z+, (2.16) 

ei = g^ = 0, VieZ, rei + Z. (2.17) 

Then tq can be rewritten as 

First assume that ai for some i > 0. Choose j < such that i + j < 0. Then we see that 
the term Lj (8) appears in Lj ■ tq, but (2.14) implies that the term Lj+j (8 does not 
appear in Lj • Tq, a contradiction with the fact that Lj -tq G Im(l (8 1 — t). Then one further 
can suppose = 0, \/ i & 1^*. Similarly, one also can suppose hp — Cr — Q for all p e |Z*, 
re I + Z . Therefore, Tq can be rewritten as 

^0 = E djLj ® G-j + E /r^r ® T_r + ao^o (8) Lo + boGo Go • (2.18) 

Finally, we mainly use the fact Im(l (8 1 — r) C Ker(l 1 + r) and the assumption that 
£ • To C Im(l (g) 1 — r) to deduce Oq = (io = (ij = /r = for all j e Z, r e | + Z. One has 

= (1(8 1 + t)(Li To) 
= 2ao(Li Lo + Li ® Lq) + 6o(Gi Gq + Go Gi) 
+ E ((3/2-r)/,_i + r/,)(G,®ri_, + ri_,®G,) 

rel/2+Z 

+ E ((2 - j)dj-i + (1/2 + j)dj) {Lj Gi_,- + Gi_,- ® L,) . 

Then noticing both the sets {j \ dj ^ 0} and {r | ^ 0} of finite rank and comparing the 
coefficients of the tensor products, one immediately gets 

1 
2 

Thus the lemma follows. □ 



ao — bo — dj = fr = 0, V p e Z , r e - + Z . 



Proof of Theorem 1.2. Let (£, [■,■], A) be a Lie super-bialgebra structure on C. Then A = 
is defined by (1.4) for some r G Vg. By (1.2), Im A C Im(l ®1 — r). Thus by Lemma 2.5, 
r e Im(l ® 1 - r). Then (1.2), (2.1) and Corollary 2.3 show that c(r) = 0. Thus (£, [•, •], A) 
is triangular coboundary. □ 
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